ABSTRACT This paper proposes a multi-power reaching law-based sliding-mode control (SMC) for uncertain discrete-time systems. The proposed controller mainly consists of the multi-power function along with the perturbation estimation. Different from the existing similar works, the control gains of the controller are adaptively adjusted by the multi-power function, i.e., three power terms, according to different stages of the convergence process. Hence, the system trajectory of the controlled system can be forced toward the sliding surface with a faster convergence rate. The corresponding sliding-mode dynamics and the reaching steps to the sliding surface are theoretically analyzed. A practical example is given to examining the validity of the proposed method. The simulation results show that the proposed method reduces the reaching steps while guaranteeing better control accuracy than the single power method.
I. INTRODUCTION
During the past few decades, sliding-mode control (SMC) has been widely employed to stabilize varieties of linear and nonlinear systems [1] - [3] . It has many attractive merits like easy realization, quick response and especially the invariability to parameter uncertainties and external disturbances [4] . Nowadays, more and more control methods are performed in the sampled-data system, the study on discrete-time SMC (DSMC) has attracted the attention of many researchers [5] . It is notable that, the properties valid for continuous-time SMC are incapable of extending directly to its discrete-time counterpart because of the finite sampling rate in the sampled-data system. Therefore, the redesign of DSMC becomes imperative and preferable. Among these design methods, the reaching law method, first presented in [6] and [7] , has been certified to be a simple and effective one. It owns many advantages, like streamlining the design process of DSMC, and describing sliding-mode dynamics of DSMC systems [8] . Some improved reaching law methods have been proposed by other researchers, such as the The associate editor coordinating the review of this manuscript and approving it for publication was Jun Hu.
non-switching reaching law [9] - [15] , the observed based reaching law [16] - [20] , the power reaching law [7] , [9] , [21] , the generalized reaching law [22] - [24] , and so on.
It is notable that the reaching law method for discrete-time systems is not flawless; indeed, in practical applications, the adoption of the discrete-time reaching law will result in chattering phenomenon in the vicinity of the sliding surface. This is unacceptable in some applications [25] - [27] .
An interesting method in literature for chattering alleviation is the single power reaching law, which replaces the discontinuous gain k of the sign function by a power term of the switching function k · |s(k)| β [7] , [9] , [21] . This method can mitigate chattering since its convergence rate varies in accordance with the distance variation. Nevertheless, when the state is far away from the sliding surface, the extremely small convergence rate results in long reaching time. A bi-power reaching law has been proposed in [28] for continuous-time systems. However, it cannot be directly employed to discrete-time systems. To the best of our knowledge, the multi-power reaching law based DSMC has not been properly investigated.
In this paper, a multi-power reaching law based DSMC is introduced, which contains the multi-power function and the perturbation estimation. In comparison with the single power method, the proposed control scheme enables a faster convergence rate and better control accuracy. The gains of the switching control terms are meaningfully and adaptively adjusted by the multi-power function according to different stages of the convergence process. Moreover, the sliding mode dynamics and the reaching steps of the developed method are discussed and analyzed theoretically. A practical example is given to illustrate the validity of the developed method.
This paper is organized as follows: in Section II, the system description along with the important property and assumption are given. The novel multi-power based DSMC is presented in Section III as well as the system dynamics analysis. Section IV presents simulation results. Conclusion is given in Section V.
II. SYSTEM DESCRIPTION
The following uncertain discrete-time system is considered:
where x(k) ∈ R n represents the state variable, u(k) ∈ R 1 stands for the control input variable. The disturbance d(k) ∈ R n owns a property as follows:
, where T is the sampling time interval.
With the state variable, a discrete-time switching function is constructed as follows:
where C is to be chosen such that CB is invertible. Assumption 1: δ(k), which represents the change rate of the disturbance d(k), is expected to be bounded as follows:
Referring to Property 1, the upper bound δ * is in the order of
The following lemma is required in the demonstration of Theorems 1 and 2 Lemma 1 [30] : Let f : I ⊂ R → R be a convex function. If x i ∈ I (i = 1, 2, . . . , n), and q i ≥ 0(i = 1, 2, . . . , n) with
III. MULTI-POWER REACHING LAW BASED DSMC
The single power reaching law has been presented in previous works [9] , [21] :
where 0 < 1 -qT 0 < 1, k 0 > 0, 0 < τ < 1. Although the chattering can be reduced, the reaching time of this method is significantly increased when the state is far away from the sliding surface. In this paper, a multi-power reaching law is presented to conquer the drawbacks of single power reaching law. The proposed reaching law is:
where
Considering Eq. (7), it is deduced that γ will not equal to 1. Remark 1: The reaching law (6) has three power terms, i.e., the multi-power function:
1) When the state variable is far away from the sliding
) plays a leading role and the effect of k 2 |s(k)| β sgn(s(k)) can be ignored comparing with other power terms. Hence, the convergence rate toward the sliding surface is faster than the single power reaching law (5 
) plays a leading role and the effect of k 1 |s(k)| α sgn(s(k)) can be ignored. Hence, the proposed method ensures a slightly shorter convergence time than the single power reaching law. It is notable that the multi-power function approaches the single power function when |s(k)| is quite small, as illustrated in Fig. 1 . 3) k 3 |s(k)| γ sgn(s(k)) further divides the convergence process into four stages:
γ alters in the four stages, which ensures the system quickly and smoothly converge to the sliding surface from the initial state. Because of the unavailable knowledge of d(k), the disturbance term can be estimated by the perturbation estimation VOLUME 7, 2019 method [31] . The system states are measurable in most cases.
Inserting the system model (1) into (2) and in view of the reaching law (6) and (8) gives
Next, the stability of the designed DSMC system will be discussed in the following aspects: the first two are the system dynamics in and out the vicinity of the sliding surface, and the last one is how many steps that the system trajectory needs to first cross the sliding surface.
Theorem 1: Noting the uncertain discrete-time system (1), suppose that the switching function (2) and the DSMC controller (9) are employed, then the system trajectory s(k) can converge into the region defined as follows:
with
Proof: To demonstrate that s(k) will be driven to , a Lyapunov function V (k) = s 2 (k) is selected. Inserting (6) into the Lyapunov function leads to
Then, the following two cases, i.e., s(k) > and s(k) < , will be considered.
Case 1: If s(k) > , considering (6) , the difference between s(k + 1) and s(k) can be computed as follows:
Additionally, recalling Lemma 1, it can be derived from (13) that
Taking into account (14) , it can be obtained that if
Based on (6), we can get
Recalling (14), it can be derived that if
then
1) If s(k) ≥ 1, then inequality (18) can be represented as
with γ = max{s(k), α}. It is derived that if condition (20) is met
then inequality (19) holds. 2) If s(k) < 1, then inequality (18) can be represented as (19) with γ = min{s(k), β}. It is deduced from (19) that
Case 2: If s(k) < -, the proof is similar to Case 1 and the relation V (k) < 0 still holds.
Considering Assumption 1 and noting [21] , δ * is in the order of O(T 2 ) or O(T 3 ) and the system trajectory can converge into a small region whose width can approach δ * . According to [32] , it is deduced that χ (γ ) ∈∈(1, 2). Hence, if s(k) > , then V (k) < 0, and system trajectory can be driven onto the vicinity.
Next, we will demonstrate the fact that once the system trajectory gets into the region, it cannot escape from this region, i.e., |s(k + 1)| ∈ , ∀|s(k)| ∈ . Before moving forward, some lemmas are given in the following. 
Combining (22) and (23) gives
Moreover, it is deduced that lim x→+∞ y = 0, lim x→+∞ z = 1, lim x→1 y = 1/e, lim x→1 z = 1/e. If x > 1, then dχ(x)/dx < 0, and 0 < χ (x) < 1; If 0 < x < 1, then dχ(x)/dx < 0, and 1 < χ(x) < 2. Hence, χ(x) is monotonically decreasing with respect to x ∈ (0, +∞).
Lemma 3: The following condition can be met in the region:
Proof: As stated in Theorem 1, the region is quite small and γ = min{s(k), β} in this region. There are two situations to be considered:
then it can be derived from (26) that
In view of Lemma 1, the following relation is derived
Case 2: If = 1 = max{ 1 , 2 }, i.e.,
then it is deduced from (29) that
Considering Lemma 1, inequality (28) still holds in this situation.
Theorem 2: Noting the discrete-time system represented by (1) and the switching function (2), the DSMC controller (9) and the condition (31), once the system trajectory gets into the region, the following condition |s(k +1)| ≤ ,
Proof: By defining s(k) = µ · = µχ(γ ) with -1 ≤ µ ≤ 1 and sig x (s(k)) = |s(k)| x sgn (s(k))(x = α, β, γ ), Eq. (6) is represented as
Case 1: If µ ≥ 0, recalling Lemma 1, then it is deduced from (32) that
If µχ (γ ) ≥ 1, in view of Lemma 3 and (33) yields
If 0 ≤ µχ (γ ) < 1, in view of Lemma 3, it can be derived from (33) that
By noting condition (31), it is found that s(k) ≤ . Case 2: If µ < 0, in accordance with Lemma 3 gives
If µχ (γ ) ≤ −1, the following deduction is obtained from (36) considering Lemma 3
Next, we will prove
In view of the expression of f (x) leads to
Substituting (41) into (38) gives
Considering [21, Lemma A.2], Eq. (43) is devised as follows
Similarly, noting (6), the following deduction is generated
Case 1: If µ ≥ 0 and µχ(γ ) ≥ 1, combining Lemma 1 and (45) yields
If 0 ≤ µχ (γ ) < 1, similar to (43), it is derived that
Case 2: If µ < 0 and µχ (γ ) ≤ −1, we can obtain that
If 0 ≤ µχ (γ ) < 1, similar to (35)
Therefore, in the region, the following condition
It is noted that the parameters in condition (31) are adjustable control gains. Hence, condition (31) can hold by selecting appropriate gains.
Theorem 3: For the system (1) with the DSMC controller (9), the system trajectory will take at most K * steps (finite steps) to first cross the sliding surface, where
Proof: Assume the initial state |s(0)| > α, the convergence process can be divided into four stages:
Owing to s(k) > 1, the effect of k 2 |s(k)| β sgn (s(k)) can be ignored comparing with other power terms [39] . Equation (6) can be written as
Then, recalling Theorem 1, the following deduction is obtained, i.e.,
It follows from (52) and (53) that
Solving (54) generates
is still ignored, and
is still ignored, and we have
A similar proof can be obtained, and will not be detailed here.
The above two cases reveal that the system trajectory is able to first cross the sliding surface within at most K * = m * + 1 = m 1 + m 2 + m 3 + m 4 + 1 steps. Remark 2: With same or smaller control gains, the developed method guarantees a faster convergence rate than the single power reaching law like [9] and [21] .
For convenience, the convergence process of the single power reaching law is also divided into four stages: |s (0)
Similarly, considering (5), the reaching steps can be obtained
If same control gains are selected, i.e., qT = qT 0 , β = τ , comparing (50) with (65), it can be deduced that K * < K * s K * < K * s and the convergence rate of the proposed method is improved. Moreover, if smaller control gains are adopted for proposed method, K * < K * s K * < K * s still holds by proper selection of α, k 1 , k 2 , k 3 .
IV. EXAMPLES AND SIMULATIONS
In this section, the following piezomotor-driven linear stage [33] is employed to demonstrate the proposed DSMC method: Two cases are considered in the following simulation. In Case 1, same gains are selected for both methods. The change rate of the disturbance δ(k) is represented as
in the developed method (6) . In order to further narrow down the width of the region, Case 1: The switching functions of both methods are illustrated in Figs. 2 and 3 . In comparison with the single power DSMC (K * s = 13), the proposed method improves the convergence rate (K * = 6), which implies that the system trajectory converges faster to the sliding surface than that VOLUME 7, 2019 of the single power DSMC. Moreover, the proposed method generates a smaller width of the region (1.8 × 10 −5 ) than that of the single power DSMC (2.5 × 10 −5 ). Hence, the proposed method produces a better control accuracy while shortening the convergence time. The state variables of both methods are depicted in Figs. 4 and 5. Fig. 6 , the developed method still decreases the reaching steps with K * = 9, as compared with that of [21] in Case 1, and system trajectory of developed method remains to cross the sliding surface in all subsequent steps.
V. CONCLUSION
This paper has given the design and verification of a multi-power reaching law based discrete-time sliding-mode control (DSMC). With the integration of the multi-power function and the perturbation estimation, the proposed method exhibits a superior performance over the single power DSMC. The proposed method has the ability to improve the convergence rate and guarantee better control accuracy in the same time. Theoretical analyses of the reaching steps and the convergence property under the impact of the disturbance have been conducted. Simulation results on a practical example verify that the proposed method is effective and feasible.
